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INTRODUCTION 
There are many compounds which exhibit metallic or 
semiconducting properties, but the nonstoichiometric compounds 
(those for which the elements do not combine in fixed ratios 
and the amounts of one or more of the constituent elements may 
be varied over some range) are of especial interest. Often, 
in a nonstoichiometric compound, some of the parameters, such 
as the number of conduction electrons or the density-of-states 
at the Fermi surface, may be varied over a wide range while 
most of the other parameters remain essentially constant. A 
study of conduction processes in these compounds might be 
useful in understanding metallic conduction since these com­
pounds have the advantage over elemental metals and ordered 
alloys that their composition, and hence their electronic 
properties, can be varied over wide ranges without drastically 
changing the basic properties of the lattice. The composition 
of a metal or ordered alloy, however, can be changed only 
slightly before the basic lattice is drastically altered. 
Together with the contribution to the understanding of metallic 
conduction that a study of these compounds makes, there is the 
remote (but nevertheless attractive) possibility that one may 
learn how to create "tailor-made" conductors and semicon­
ductors through a study of nonstoichiometric compounds. 
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One such compound whose electronic structure has been 
the object of considerable experimental and theoretical re­
search is sodium tungsten bronze (Na^WO^). Considerable 
progress has been made in understanding this compound, but 
rruch remains to be done before a detailed understanding of 
the compound is obtained. 
A study of the gamma rays from positrons annihilating 
in a material often will provide information about the elec­
tronic structure of the material in which the annihilation 
occurs. Quite often this information is not readily obtain­
able by other means. We have previously used this method 
several times to investigate other materials (see appendix) 
and it appeared that a study of the annihilation gamma rays 
might be of interest in the case of sodium tungsten bronze. 
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SODIUM TUNGSTEN BRONZE 
Properties of Sodium Tungsten Bronze 
Chemical and physical structure 
The chemical composition of sodium tungsten bronze is 
Na^jWO^j the value of x being variable, essentially from zero 
to one. The name "bronze" clearly has nothing to do with the 
chemical composition of the substance, but comes from the 
fact that for certain x values (x around 0.8) it has the color 
and luster of bronze. The crystal structure is not the same 
for all values of x. There exist several different stable 
structures for different values of x (Hâgg and Magneli l); 
however, for x between 0.5 and 1.0 the cubic perovskite 
structure is the stable form and the lattice parameter varies 
only slightly with x.* This structure is shown in Figure 1: 
the tungsten atom occupies the center of the cubic unit cell; 
the oxygen atoms occupy the face centers; and the sodium atoms 
occupy the corners of the unit cell; the number of corners 
*Straumani3 (2) found that the lattice parameter, a, 
could be adequately represented by the formula 
a = (3.7845 + 0.0820 x) A . (l) 
Thus the lattice parameter changes only by one percent when 
the value of x changes from 0.5 to 1.0. 
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CUBIC SODIUM TUNGSTEN BRONZE 
(No WO3) 
Figure 1, Crystal structure of sodium tungsten bronze 
(W at body center, 0 at face centers, and 
Na at cell comers) 
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which are occupied depends on the value of x. For exsunple: 
for very low x values the sodium atoms occupy the sites at 
random and for very high x values the vacant sites are ran­
domly distributed; for x=0.75, however, Atoji and Bundle (3) 
found that the sodium atoms occupy the corners in the ordered 
manner shown in Figure 2. Since sodium tungsten bronze is 
metallic in its conduction properties for the entire range of 
X values from 0.5 to 1.0 (Gardner and Danielson 4), it is a 
metal for which the lattice, and hence the Brillouin zone, 
remains essentially constant while the conduction electron 
density can be varied over a large range. Several other 
elements such as potassium, lithium, and thallium also form 
similar bronzes, but they have not been as extensively 
investigated as sodium tungsten bronze. 
Transport properties 
Electrical resistivity As is usually the case, the 
transport property that has received the most attention is the 
electrical resistivity. Before we review the detailed be­
havior of the resistivity as a function of x value and tempera­
ture, we note that the room temperature resistivity of a high 
X value bronze is about 20 microhm cm. In comparison, the room 
temperature resistivity of sodium metal, for example, is 
5 microhm cm and for silver, the best conductor, it is 1.6 
microhm cm. Since sodium tungsten bronze has the character-
6 
ORDERED Nq WO** 
0.75 
Figure 2. Crystal structure of ordered Na_ 
u. (o 3 
(only sodium atoms shown) 
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istic low resistivity of a metal, the conduction processes 
must be essentially metallic in nature. In the earlier work 
on measuring the resistivity of sodium tungsten bronze as a 
function of x value, Gardner and Danielson (4), and Brown 
and Banks (5) both found that there was a very pronounced 
minimum in the room temperature resistivity at an x value 
around x-0.75. Gardner and Danielson (4) found that the 
minimum was also present at low temperature (4,2 °K), so 
apparently the minimum was due to some basic property of the 
lattice and was not caused by a change ir the thermal scat­
tering of the electrons or some other temperature related 
source, A possible explanation of this minimum put forth by 
Gardner and Danielson (4) was that perhaps there was an or­
dering of the sodium atoms for x values around x=0.75 causing 
a minimum in the disorder scattering of the electrons, hence 
a minimum in the resistivity. The presence of this ordering 
was subsequently confirmed by the neutron diffraction work of 
Atoji and Bundle (3). Since, however, at room temperature 
the thermal scattering should dominate the minimum in disorder 
scattering, it seemed strange that a minimum in the disorder 
scattering should cause such a pronounced minimum in the elec­
trical resistivity at room temperature. Sodium tungsten bronze 
is not an easy crystal to grow in large homogeneous samples 
and the difficulty in growing good samples is also related 
to the X value. This led Ellerbeck, Shanks, Sidles, and 
Danielson (6) to suspect that the resistivity minimum was 
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not a property of the basic material, but was due to defects 
in the samples that were used. One would suspect that crystals 
of X value around x=0.75 would be the easiest to grow because 
of the ordering of the sodium atoms and therefore would have 
the fewest defects and thus the lowest resistivity. Using 
samples selected very carefully for homogeneity, Ellerbeck _et 
al. (6) remeasured the resistivity as a function of x and 
found that there was no significant minimum in the resistivity 
at room temperature and above, nor was there a minimum at low 
temperatures. Since only a few samples were run at low temp­
eratures, it might be possible that a very small minimum 
exists (see Mackintosh 7). The low temperature results, 
however, definitely showed that no large minimum exists. 
Later work, principally by Shanks, Sidles, and Daniel-
son (8), has shown that below x=0.25 all the alkali bronzes 
are insulators or semiconductors, while above x=0.25 the 
conductivity at room temperature increases monotonically with 
the value of x, independent of both the alkali metal and the 
crystal structure. Since this curve differs only slightly 
from a straight line, it is consistent with the idea that 
each alkali metal atom contributes one electron to the con­
duction processes. This nearly linear behavior of the 
conductivity with x was also found for sodium tungsten bronze, 
with X values between 0.49 and O.85, at room temperature and 
above by Ellerbeck et al. (6). However at low temperature they 
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found that the increase in the conductivity was somewhat 
faster than linear. Since at room temperature and above the 
thermal part of the resistivity is as large or larger than the 
residual resistivity, thermal scattering is the dominant scat­
tering term at room temperature and above and this will not 
change significantly as the number of sodium atoms is changed. 
Thus the conductivity of sodium tungsten bronze around room 
temperature and above should simply be a linear function of 
the number of conduction electrons. At low temperatures the 
variation of the conductivity with x should no longer follow 
a straight line as thermal scattering is no longer important 
and the scattering of the electrons by the sodium vacancies 
dominates. In this case each additional sodium atom not only 
adds one conduction electron, but removes one scattering site 
so we would expect the conductivity to rise faster than linear­
ly. The behavior of the resistivity as a function of termpera-
ture was also measured by Ellerbeck et (6) and they found 
that the resistivity increased nearly linearly with increasing 
temperature from 4 °K to 900 °K for several different x values 
between 0.5 and 1.0. A similar behavior of the resistivity 
with temperature was found in lithium tungsten bronze by Shanks 
et al. (8) except that there were distinct breaks occurring 
between 300 °K and 600°K, depending on the x value. These 
breaks were associated with some sort of phase change, perhaps 
an ordering of the lithium atoms. Away from the breaks, how­
10 
ever, the curves were close to linear and were increasing with 
temperature. As this simple linear increase in resistivity 
with temperature is the expected behavior for a simple metal 
(Mott and Jones 9, p.243), we will only note that this also 
confirms the idea that the conduction processes are essentially 
metallic in nature. 
Hall coefficient The Hall coefficient is of parti­
cular interest because the number of carriers is the only 
variable in the free electron formula for the Hall coefficient. 
Moreover, the free electron formula has much wider applica­
bility than just free electron metals as it is valid for any 
metal with an ellipsoidal Fermi surface and a constant relaxa­
tion tlmo (Wilson 10, p.212). Although there are certainly 
many metals for which the free electron formula will not apply, 
we would expect that it would give quite good results in most 
cases; especially in those cases where the number of electrons 
was less than one per unit cell. The free electron formula 
for the Hall coefficient, R, is given by: 
R = _1 , (2) 
ne 
where e is the charge of an electron and n is the number of 
free electrons per unit volume. The variation of the Hall 
coefficient with x  was measured by Gardner and Danielson ( 4 )  
who found that n, as found from the measured Hall coefficient 
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and the free electron formula, was the seime as the number of 
sodium atoms per unit volume for x ranging between 0.58 and 
0.90. The variation of the Hall coefficient with temperature 
was also found to be quite small, as would be expected from 
the free electron formula. Although only one sample of lithium 
tungsten bronze (x=0.37) was measured. Shanks, Sidles, and 
Danielson (8) found that the result was also in agreement 
with this picture. Since the free electron formula has such 
wide applicability, we cannot form any conclusions about the 
details of the electronic structure of the bronzes from the 
Hall coefficient results. The results definitely confirm, 
however, that each sodium atom donates one electron to the 
conduction processes. 
Seebeck coefficient Measurement of the Seebeck co­
efficient (thermoelectric power) also provides information which 
substantiates the idea that each sodium atom contributes one 
conduction electron, although not as directly as measurement 
of the Hall coefficient. The Seebeck coefficient, 8, is 
given by (Ziman 11, p.396) 
(3) 
where is the area of the Fermi surface, E is the electron 
energy, / is the mean .
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Boltzraann constant, and the derivatives are evaluated at 
the energy of an electron on the Fermi surface. Although the 
variation of the mean free path with energy can be calculated 
(Wilson 10, p.266), these calculations are only approximate. 
If we assume a simple power dependence of /f with £ 
/ = c , (4) 
where c is a constant and a is an adjustable parameter which 
will be a function of the temperature, then 
1 3 /  . 2 (5) 
/ <?<f £ 
If there is one conduction electron donated by each sodium 
atom, we would have less than one conduction electron per unit 
cell and would expect that the amount of zone boundary contact 
would not be large for any x value. On this basis we would 
assume that ê is proportional to (k is the crystal momen­
tum of the electron), that is, the energy bands are parabolic, 
2 
and the area of the Fermi surface is also proportional to k . 
Thus S is given by 
<f = k^ 
2m* (6) 
(although the effective mass, m*, is often quite close to the 
mass of an electron, it is basically only the constant of 
proportionality). is proportional to £ since both are 
13 
proportional to k^. Thus the expression for S becomes 
s = T (1 + a) . (7) 
Since, if the energy bands are parabolic. 
2 
1 
2ra* 
2/3 
fp = h / ^ 1 • (8) 
So S becomes 
-2/3 
q - ^  T ^  i  ^  \  (1 + a) . (9) 
3e ^2 
Shanks, Sidles, aind Danielson (8) found that the variation of 
-2/3 
S with X was as x , as would be expected from Formula 9 if 
each sodium atom donates one conduction electron. They also 
found that the variation of S with T was nearly linear. A 
slight deviation from a straight line was not surprising since 
a is somewhat temperature dependent. 
Density-of-states The heat capacity and the magnetic 
susceptibility are both dependent on the density-of-states at 
the Ferrai surface, which in turn depends on the number of con­
duction electrons, and hence, on the x value. Both the measure­
ments of the heat capacity as a function of x (Vest, Griffel, 
and Smith 12) and the measurements of the magnetic suscepti-
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billty (Grelner, Shanks, and Wallace 13) have shown that 
the free electron model is not a full description of the 
material. Below x=0.7 both measurements are close to the 
results predicted by a nearly free electron model with 
m*=1.6m. Above this x value, however, the density-of-states 
is somewhat higher than predicted by the free electron model. 
It was expected, of course, that the free electron model, or 
nearly free electron model, would not hold in detail and would 
only be useful as a good first approximation. It is not sur­
prising that the deviation becomes significant around x = O . J O  
since the sodium atoms are no doubt starting to order some­
what at this X value and the Fermi surface is also going to 
become more distorted by the zone boundaries as the size of 
the Fermi surface increases with increasing x. Nevertheless, 
the fact that the density-of-states is in qualitative agree­
ment with the free electron picture certainly means that one 
cannot cite these results as evidence against the idea that 
each sodium atom contributes one electron to the conduction 
processes. 
Possible electronic structure models 
The measurement of these transport properties has shown 
that the number of conduction electrons is the same as the 
number of sodium atoms and has also shown that the free elec­
tron picture is a good first approximation to the electronic 
15 
structure. Thus sodium tungsten bronze may be considered to 
be a good metal. Since sodium tungsten bronze is inherently 
a vacancy material, there is no way to remove the scattering 
sites and thus increase the mean free path. Since, the usual 
experimental methods of investigating the electronic structure, 
such as the De Haas-van Alphen effect or the magnetoacoustic 
effect, all require a very long mean free path, an investiga­
tion of the electronic structure by these methods may be ruled 
out for the foreseeable future. Furthermore, a detailed cal­
culation of the electronic structure would be very difficult. 
It is only within the last few years that detailed calculations 
of the electronic structure of elemental metals have begun to 
be accurate enough to be of importance, and the situation in 
sodium tungsten bronze with its three different types of atoms 
and varying concentration of one of the constituents is much 
more complex. It is quite possible, however, that the con­
duction electron wavefunctions are composed principally of one 
of the atomic wavefunctions suitably broadened into a band 
(tight binding approximation). If we knew the atomic wave-
function by which the electron could be best described, we 
would have a good start toward a detailed understanding of the 
electronic structure of sodium tungsten bronze. Since the 
material is essentially a metal, we may rule out the oxygen 
wavefunctions and just consider the low lying states of tung­
sten arid sodium. Free tungsten has the configuration of 
16 
^63 (Outside an inert gas core) and sodium has the con­
figuration ^33. Thus the likely levels are the tungsten 5d 
(Sienko l4), the tungsten 6s (Keller 15), the sodium 3s,* or 
possibly the next highest sodium level, the 3p (Mackintosh 7). 
It is not likely that higher levels than these in either 
tungsten or sodium are of importance in the conduction electron 
wavefunction since it is not likely that the lattice could 
depress these upper energy levels by the large amount required 
if they were to be of importance in conduction processes. 
Knight shift results 
Fortunately nuclear magnetic resonance (NMR) in general 
and the Knight shift in particular can provide significant 
information about certain details of the electronic structure 
of the material. This technique has been applied to the sodium 
atoms and the tungsten atoms in sodium tungsten bronze. Prom 
the information obtained, some of the possible levels can be 
ruled out. 
When using an NMR spectrometer at a constant resonance 
frequency, it is found that there is a slight difference be­
tween the field needed to bring a particular nucleus into 
resonance in a free ion and the field required to bring this 
*The sodium 3p level was never formally proposed. 
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nucleus into resonance when the atom is in a metal (Knight 
16). This relative shift, AH/H, in the location of the 
resonance line is known as the Knight shift, and it is given 
by the expression 
AH . le \l' '•^•'1 / P J2A N(Bj.) (10) 4 
" 4 |f(0)l 
At 
where Y and are the electronic and nuclear gyromagnetic 
ratios respectively, is the atomic volume, A is the s part 
of the hyperfine structure coupling constant, N(Ep) is the 
density-of-states at the Fermi surface, |is the 
electronic probability density at the nucleus in a free atom, 
and ^I^0) I is the electronic probability density at 
the nucleus found by averaging over electrons at the Fermi sur­
face. For our purposes we will Just regard these terms as 
2\ 
>p, as it contains detailed constants except for /([O) 
information about the form of the conduction electron wave-
functions at the nucleus. We would find that there would be 
a Knight shift if the conduction electron wavefunctions had 
an appreciable value at the nucleus, and there would be no 
Knight shift if their wavefunctions were zero at the nucleus. 
Since only an s electron wavefunction makes contact with the 
nucleus, while p, d, f, ... wavefunctions all have nodes at the 
nucleus, the existence of a Knight shift proves that the con-
18 
auction electron wavefunctions have at least a certain amount 
of s character while no Knight shift proves that the con­
duction electrons have no s character. Since two of the 
levels which are under consideration as the possible starting 
point for the conduction band are s levels, one is a d level, 
and the other is a p level, it is clear that the Knight shift 
information would be quite helpful in deciding which level is 
correct. Jones, Garbaty, and Barnes (1?) measured the shift 
of the Na^3 resonance in sodium tungsten bronze for x values 
ranging from O.56 to O.89 and found essentially no Knight 
shift; this indicates that the sodium 3s level does not play 
any important part in the metallic properties of the material. 
Narath and Wallace (I8) made a careful search for the 
resonance which was quite difficult to locate as the 
nucleus has both a small magnetic moment and a low natural 
abundance. After a very intensive search for the resonance, 
they located it and determined that there was no Knight shift 
for the tungsten nuclei either. This was done for the same 
range of x values as used by Jones et al. (17). Thus the 
tungsten 6s level does not play any important part in the 
metallic properties either. This leaves just the tungsten 5d 
and the sodium 3p levels to consider. 
19 
Positron lifetimes 
Another previously measured property of sodium tungsten 
bronze, which must be taken into account and explained when 
discussing positron annihilation in the material, is the 
measurement of positron lifetimes made by Rodda (19). Rodda 
found that the positron lifetime was almost a constant 
3.03-0.10 X 10"10 sec when the x value was varied from 0.5 to 
0,85, Furthermore, the time spectra was not complex; only 
one lifetime was present in any significant amount. This con­
stant lifetime seems strange since the conduction electron 
density almost doubles as x goes from 0,5 to 0,85. Also, since 
the material has many vacancies in which positronium might be 
formed, we might expect that a second, longer, component of 
the lifetime might be present. For now we will just note that 
this is longer than the lifetime in most metals (lifetime in 
sodium is about 1.5 X 10~^®sec). When we come to the inter­
pretation of these results, we must remember that a positron 
cannot tell the difference between a core electron and a con­
duction electron since the difference is not a real one. 
Objectives of Present Research 
The measurements of the transport properties and the 
Knight shift in sodium tungsten bronze have shown that the 
conduction electrons can not be well represented by either 
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the tungsten 6s or the sodium 3s wavefunction. Therefore the 
best description of the conduction electron wavefunction will 
probably be either the tungsten 5d wavefunction or the sodium 
3p wavefunction. The actual conduction electron wavefunction, 
of course, will have components from both of these wavefunctions 
and from many of the other wavefunctions of sodium, tungsten, 
and oxygen. It is quite likely, however, that either the 
tungsten 5<i wavefunction or the sodium 3p wavefunction is the 
principal component of the conduction electron wavefunction. 
As will be shown in the next section, the angular correlation 
of positron annihilation radiation is also sensitive to certain 
details of the electronic structure. Often, the angular cor­
relation will provide information about the electronic 
structure which can not be obtained by other methods. It was 
suggested by Mackintosh (7, 20) that this information might be 
sufficient to distinguish between the tungsten 5d wavefunction 
and the sodium 3p wavefunction. 
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POSITRON ANNIHILATION 
Modes of Annihilation 
The positron, the antiparticle of the electron, can 
annihilate with the electron in any of several different modes; 
subject to the applicable conservation rules. As is usually 
the case, the probabilities of the various annihilation modes 
are widely varying and only a few of the modes are presently 
of any experimental importance. The annihilation mode we are 
concerned with in this work, two-quantum annihilation, is the 
most probable mode. In this mode the electron-positron pair 
p 
annihilates into two gamma rays, each with energy moc . There 
are, however, several other modes which are of experimental 
and theoretical interest and they will be described briefly. 
No-quantum annihilation 
In free space the process of no-quantum annihilation is 
not possible as energy would not be conserved. However, in 
the presence of other electron? and nuclei, such as in a solid, 
the electron-positron pair could annihilate without the 
emission of a photon. If the electron-positron pair was in a 
singlet state (spins antiparallel), the net spin would be zero 
and all the energy could be transferred to one or more of the 
particles of the solid, or it could be transferred to the 
22 
lattice in the form of lattice vibrations (phonons). Clearly 
this mode of annihilation is intimately related to the lattice 
dynamics of the material in which the annihilation occurs and 
is, in principle, capable of yielding information about the 
material. Since the detection of single phonons is nearly 
impossible and the probability of this mode is extremely low, 
no experimental work has been done on no-quantum annihilation. 
One-quantum annihilation 
The process of one-quantum annihilation also cannot 
occur in free space because there would be no way to conserve 
momentum. In the presence of other particles that can absorb 
the required momentum, this type of annihilation can occur if 
the electron-positron pair is in the triplet state (spins 
parallel for a net spin of one which is carried off by the 
photon). Since this process is the Inverse of pair production. 
It is clear that the process has a non-zero probability of 
occurring. Since the absorption of the excess momentum by 
the particles of the solid, or by the lattice, is also inti­
mately related to the properties of the lattice, the photon 
should carry off a certain amount of information about the 
lattice. In contrast to the case of no-quantum annihilation, 
this mode has a unique and detectable signature; for example, 
the signature would be a 1.28 Mev and a 1.02 Mev gamma ray 
in coincidence, if a Na^^ positron source was used. Even 
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though the expected counting rates would not be high, and 
there would be some problem with background, this type of 
experiment could possibly yield a great deal of useful informa­
tion. Although a certain amount of experimental work has been 
done on one-quantum annihilation (Sodickson, Bowman, Stephenson, 
and Weinstein 21; Glaubman, Oberholtzer, Sheinblatt, and 
Weinstein 22), the field appears to have room for additional 
research. 
Two-quantum annihilation 
The mode with the least number of gamma rays allowed in 
free space is two-quantum annihilation; however, the electron-
positron pair must be in a singlet state. If we consider the 
case where we have a singlet electron-positron pair in free 
space in the center-of-mass (CM) coordinate system, then 
p 
initially the total energy is 2mQC (less a few $v of binding 
energy), the total spin is zero, and the total momentum is 
zero (by definition of the CM system). If the two resultant 
gamma rays each have energy m^c^ (less half the binding 
energy) and are emitted in opposite directions with opposite 
polarizations, then the energy, momentum, and spin will all be 
conserved. If the CM system is moving with respect to the lab 
system, the relative angle between the two gamma rays in the 
lab system will not be l80°. Instead, the angle will appear 
to deviate from l80° by an amount depending on the relative 
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velocity of the CM system. By measuring the deviation, one 
can determine the relative velocity by a simple formula derived 
from momentum conservation considerations. These considera­
tions will not be directly applicable when the annihilation 
occurs in a crystalline field Instead of in free space. Still, 
a study of the angular correlation of the two annihilation gamma 
rays will yield considerable information about the behavior and 
motion of the electron-positron pair In the crystal. Since 
two-quantum annihilation is not forbidden In free space, as 
contrasted to no- and one-quantum annihilation, we would expect 
that the Influence of the lattice on the annihilation process 
would be of only minor Importance. The resultant gamma rays, 
therefore, would be carrying off information principally 
about the states of the electron and positron just prior to 
annihilation (this is not to say that the effect of the lattice 
on the electron and positron states prior to annihilation is 
small, but only that the effect of the lattice on the annihi­
lation Itself will, most likely, be small). This is the 
reason why two-quantum annihilation can be a useful tool in 
investigating the electronic structure of various materials. 
Since two-quantum annihilation provides information about the 
electronic structure and is also the dominant annihilation mode, 
most of the experimental studies of positron annihilation have 
been concerned with various aspects of two-quantum annihila­
tion. 
25 
Three-quantum annihilation 
If the electron-positron pair is in a triplet state, 
two-quantum annihilation is forbidden and the decay must be 
by a mode which results in an odd number of gamma rays, as the 
total final spin must be one. The most likely mode which has 
an odd number of gamma rays is three-quantum annihilation. 
Since three-quantum annihilation is also possible in free 
space, we would expect that this mode would also provide us 
with information about the electronic structure of the material 
in which the annihilation occurs. Unfortunately, in most 
cases three-quantum annihilation is several times less likely 
than two-quantum annihilation (due to rapid triplet-to-sing­
let conversion in the solid) and the geometry for a three 
counter, triple coincidence, angular correlation experiment 
is much less favorable than for a two counter experiment. 
Thus not nearly as much useful information about materials has 
been obtained from three-quantum annihilation as two-quantum 
annihilation. The existence of three-quantum annihilation has 
been confirmed (Rich 23), and it has been of use in studying 
positronium, the free electron-positron bound state (DeBene-
detti and Siegel 24; Celitans and Green 25). 
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Higher modes of decay 
Higher modes of decay such as four-, five-, six-, 
quantum annihilation are all possible, but, since either two-
or three-quantum annihilation is always possible, these will 
be less likely by one or more orders of the fine-structure con­
stant. Since the probability of these higher modes is so small 
and the geometry of a multiple counter experiment is so un­
favorable, they have never been of any experimental importance. 
Theory of Positron Annihilation 
A complete theory of poaitron annihilation in solids has 
never been worked out for the same reason that a complete 
theory of the electron's behavior in a solid has not: one would 
be dealing with a many-body problem involving around 10^3 
particles and the mathematical methods are not available. 
Nevertheless, a considerable amount of information about the 
behavior of the electron has been obtained by using a far 
simpler approach: the one-electron model. In the one-electron 
model one assumes that the solid is made up of the ions fixed 
on the lattice sites with the electron moving in a potential 
field made up of the sum of the potential due to the ions on 
the lattice and an average potential due to all the other free 
electrons. Clearly this model neglects several important de­
tails; for example, the ions are not fixed, one pretends that 
there is a difference between the electrons in the ions and 
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the free electrons, and the details of the Coulomb and ex­
change repulsion of the electrons is handled in an average 
way only. One wonders why such a model works at all, but it 
is well known that it gives excellent results in many cases. 
Furthermore, many of the details that are neglected can be 
added individually so that the full one-electron theory of 
solids can account for most of the behavior of solids even 
though there are still many things left to be understood. 
Since this approach has worked so well in the case of the 
electrons, one would hope that such an approach would give a 
satisfactory explanation of positron annihilation in solids. 
As in the case of electrons alone, this approach has worked 
quite well when it was suitably modified to be a one-electron, 
one-positron model. Although annihilation of positrons is a 
relativistic process, the electron and positron may be des­
cribed non-relativisticallyj only the annihilation process 
need be handled relativistically. This approach yields de­
tailed predictions of the angular correlations and order of 
magnitude predictions of the positron lifetimes. The agree­
ment in the case of the lifetimes is not as good as the 
agreement in the case of the angular correlations, since the 
lifetime depends on the electron density at the positron and 
this is enhanced, over that predicted by the one particle 
approach, by the electron-positron correlation. 
The basic theory, using the one-electron approach, for 
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the annihilation rate as a function of momentum was developed 
using second-order perturbation theory by DeBenedetti, Cowan, 
Konneker, and Primakoff (26), It was not until several years 
later, however, that Berko and Plaskett (27) showed that this 
method could be used to account for experimental observations 
in great detail. 
The rate of annihilation of a positron, described by a 
wavefunction r), with an electron, described by a wave-
function ^(r), resulting in photon momentum in a momentum 
region dp, centered at p, is given (in atomic units) by 
cx 
i(p) IP = 2 
4 n 
(r) e-£-£ dr dp (11) 
where ex is the fine structure constant. The total annihila­
tion rate. (p) dp, into dp is found by summing |~i(p) dp 
over all electrons 
I '[p) dp = FiW dp (12) 
electrons 
It is seldom necessary to sum over more than a few types of 
electrons (conduction and outer ionic electrons) as the annihi­
lation rates for the inner electrons are usually quite small. 
If, as in the case of lifetime measurements, we are not concerned 
with the momentum carried off by the photons, then the annihila­
tion rate, where any photon momentum is allowed is just the 
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Integral of |^(p) dp over all momenta 
\~i= Jri(p) J r) dr . (13) 
The total annihilation rate, | ' , for a positron annihilating 
with any electron is Just the sura of the j ^ over all electrons 
r Hi (14) 
electrons 
The mean life of the positron, T , is the reciprocal of j""* 
-2- - (15) 
(the half-life, T, is given by T=0.693 T ). 
Although the positron is emitted from the source with an 
average energy of 200 kev, it is rapidly thermalized by colli­
sions with the lattice and the electrons. Lee-Whiting (28a) 
has calculated that the time necessary for thermalization is 
about 10~^3gec. Since the lifetime of the positron in a solid, 
measured experimentally, is about lO'^^sec (Wallace 28b, p.10), 
the positron has more than adequate time to thermalize. As 
the thermal energy of the positron, JT, is about 0.05 ev at 
room temperature, compared with the Fermi energy of the elec­
trons of approximately 5 ev, one can treat the positron as 
being essentially at rest and thus it may be adequately 
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represented by a wavefunction of the form 
I U(r) e^-*- (16) 
where U(r) has the periodicity of the lattice. Since the 
positron is at rest, k=0, hence. 
: U(r) . (17) 
Since the positron is repelled by the nuclei, Y must have 
nodes at the nuclei. Also Lr must have a minimum of curva-
+ 
ture as the positron will be in the ground state. Thus there 
would be a single maximum in between any two adjacent ions. 
(J/ can be calculated to a reasonable degree of accuracy in 
+ 
the case of an elemental metal (Eerko and Plaskett 27) since 
one can make a close approximation to the potential by using 
the potential of a Hartree-Pock core plus a free electron gas 
inside a Wigner-Sietz (WS) cell (or, more likely, a WS sphere). 
In the case of sodium tungsten bronze, it is not possible to 
make any sort of reasonable spherical approximation since a 
unit cell must contain one tungsten atom, three oxygen atoms, 
and perhaps a sodium atom, depending on the x value. Regard­
less of where one chooses the origin and regardless of the 
geometrical shape of the cell chosen, there is no way to 
approximate a spherically symmetric potential. Although the 
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potential can be approximated, there is no way to calculate 
it to any degree of accuracy until it is known whether the 
electrons are in tungsten 5d levels or sodium 3p levels. If 
this was known, the need to do the present experiment would be 
reduced considerably, since the purpose of this work is to ob­
tain information which might allow us to decide which of these 
two levels is correct. Since the potential was not known 
exactly and the calculation of the positron wavefunction would 
be very difficult, the positron wavefunction was not calculated. 
Still, by keeping the basic form of the positron wavefunction 
in mind, one can infer a substantial amount about the posi­
tron's expected behavior. 
Even though we do not know the exact positron wavefunc­
tion in sodium tungsten bronze, it would still be useful to 
derive the expected photon momentum distributions for some 
representative types of annihilation so we will be able to 
recognize the different types by their angular correlations. 
First let us consider the annihilation of positronium 
in the lowest energy state, the Is, moving in free space. If 
we let r, the vector from a fixed origin, be written as 
r = R + r' , (18) 
where R is the vector from the fixed origin to the center-of-
mass of the positronium atom and r' is the vector from the 
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center-of-mass, then the Hamlltonlan is separable and we may 
separate the wavefunctlon into a part representing the center-
of-mass motion and a part representing the motion of the elec­
tron and positron about the center-of mass. In free space the 
center-of-mass will move as a free particle and thus may be 
represented by a wavefunctlon, ^ , of the form 
VJ/ = elK.R (19) 
The electron and positron wavefunctions will simply be Is 
hydrogenic wavefunctions with a different reduced mass and 
will, therefore, be proportional to e -r ' 
^ c< e 
/ e 
-r ' (20) 
with the added restriction that r' =-r', since the electron 
——' 0 —-"T 
and positron are, by definition, on opposite sides of the 
center-of-mass. We will insure that this is true by inserting 
the delta function, ^(r^ + r|), in the product wavefunction. 
Prom Formula 11 we see that | (p) dp will be proportional to 
2 
P";p) dpcx glK.R g-r' g-r' g(+ r|) e"^£*— dr dp . (21) 
The delta function then Implies that the integrand will be zero 
unless r'=0, that is, we only have annihilations occurring when 
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the electron and positron are in contact. Thus we will have 
that is, the photons must carry off all the momentum of the 
positronium. If the positronium is at rest, K=0, then the net 
photon momentum, p, must be zero and the two photons must go 
in opposite directions with equal energies. This result may, 
of course, be found from simple conservation of momentum 
arguments; still it is useful to do it by this method for 
comparison with the case of annihilation in a solid. 
The next case we will consider is the case of annihila­
tion with the conduction electrons of a metal. First, consider 
the simple free electron approximation. In this case the 
electron wavefunction is 
where the electrons are confined to a large volume so that k 
is not continuous but takes on only discrete values. The 
positron wavefunction is approximated by the same type of wave-
function as the electron, except the positron is in the ground 
state, k=0, thus 
r=R and 
(23) 
e 
+ 
(24) 
Again using Formula 11, we 
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have I (p) dp is proportional to 
2 
I '(p) dp (X e 1 e-^'Z dr dp (25) 
(26) 
In this case all of the electron's momentum is carried off by 
the photons and the momentum distribution of the electrons may 
be found directly from the momentum distribution of the photons. 
We also see that in this simple approximation there is no 
dependence of the annihilation probability on k other than the 
momentum must be conserved, and annihilation with any electron, 
regardless of k, is equally probable. Even though this approx­
imation ignores many details, we would expect that this picture 
should be a fairly good first approximation in most cases 
since the free electron model works quite well in predicting 
the electronic transport properties in many of the simpler 
metals. 
In the case of a real metal where the electron is not 
described by a plane wave, e^lE*£, but by a Bloch function, 
U^(r) e^lE'Z, Formula 11 gives the momentum distribution of 
the photons. being proportional to 
2 
crystal 
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where ^ was obtained from Equation 17 and both and U 
have the periodicity of the lattice. Since both and 
have the periodicity of the lattice, the integrand in Formula 
27 may be broken up into the product of an integral over one 
unit cell and the sum over all unit cells of the crystal. If 
1 is an arbitrary lattice vector, then we can write 
r = 1 + r' (28) 
where r' is limited to a cell. Formula 27 can then be written 
as 
rip) 
crystal cell 
dr ' dp . ( 2 9 )  
The first term closely resembles the expression for a delta 
function and, indeed, it does have very strong maxima at the 
points P=]^+Gjj, where is an arbitrary reciprocal lattice 
vector. Thus the first term may be regarded as the delta 
function, we define (k) as 
—n 
A^(k) = j e'^^'Z dr , (30) 
cell 
the expression for | (p) becomes 
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2 
A (k) (31) 
G 
-n 
Formula 31 suggests that it is the crystal momentum, fik (plus 
an arbitrary reciprocal lattice vector),* of the electron arid 
not the "real"# momentum, mv (or m*v), which is carried off 
by the photons. This means that the crystal must absorb some 
of the electron's "real" momentum. The crystal must interact 
with the annihilating electron in some manner, however, in 
order that the total momentum be conserved. Hence, it would 
be impossible for the gamma rays to carry off all the electrons 
"real" momentum, mv. We also see that the annihilation pro­
bability is no longer the same for all electrons since Aq (k) 
—n 
depends on k. In many cases this dependence is fairly small 
and may be neglected. An annihilation with a particular elec­
tron resulting in a particular photon momentum, p, will always 
*•¥1=1, we still retain the atomic units, but will write 
crystal momentum as fik, as it is most often written this way, 
^Since the electron will be in a strong, rapidly varying, 
crystalline field, mv certainly will not be a constant in 
the absence of forces external to the crystal. In the sense 
that mv is not a conserved quantity, there is nothing real 
about The "real" momentum in a crystalline field, fik is, 
of course, constant in the absence of external forces and 
disturbances of the crystalline field. 
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be possible regardless of the size of £ as long as there exists 
a reciprocal lattice vector, which will allow G^+p to be 
remapped into an occupied region of reciprocal space. This 
will always be possible since the core electrons may be re­
garded as occupying a full zone. Aq (k), however, falls off 
—n 
rapidly with increasing and it is never necessary to con­
sider more than the first few orders. Quite often only 0^=0 
need be considered. In the case where only this first term, 
Agfk), is important and AQ(k) is a weak function of k, the 
expression for the momentum distribution of the photons in the 
case of Bloch electrons (Formula 31) reduces to the free elec­
tron formula. Formula 26, If the electrons of a solid cannot 
be thought of as free, as in the case where they retain essen­
tially the character of the original atomic wavefunction of 
the element, then higher orders than AQ(k) must be considered 
since the atomic wavefunctions will have a high percentage of 
higher momentum components and the momentum distribution of 
photons will also have a larger percentage of high momentum 
photon pairs. 
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EXPERIMENTAL APPARATUS 
Types of Angular Correlation Apparatus 
Several detection system geometries have been used to 
measure the angular correlation of the annihilation gamma rays 
and, of course, each type has its advantages and disadvantages. 
Although these advantages and disadvantages mostly concern the 
relative resolutions and intensities available with the differ­
ent systems, there are some geometrical factors which are of 
importance when single crystal samples are used. Since there 
is no cheap, easy way to increase the intensity of the posi­
tron sources used, the struggle between intensity and resolu­
tion will continue to be one of the limiting factors in ob­
taining information about the electronic structure of solids 
by positron annihilation. Thus one must use care in choosing 
the experimental geometry which will give the most useful 
information about the particular effect of interest. 
Point counters 
The most information could be extracted from the angular 
correlation if the exact direction of both annihilation gamma 
rays and the relative intensities in all directions were 
measured. One would be measuring | (p) as a function of p 
essentially directly since the counting rate at a particular 
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angle (hence a particular p) would be proportional to j (p). 
This Ideal may be approached most closely with a "point" sam­
ple and two "point" counters. Unfortunately, this arrangement 
would yield such a low counting rate with any positron source 
of reasonable size that this arrangement Is completely Imprac­
tical. It would be possible to use an array of point counters, 
as the electronic logic needed to handle the Information Is 
available; however, there are no point gamma ray detectors 
available which can be assembled Into the closely packed array 
required to make this type of setup practical. Colomblno, 
Plscella, and Trossl (29) have made an array of point detectors 
consisting of four point counters on each side of the sample 
with an angular resolution of 1.5 mllllradlans. Although the 
counting rates obtained were extremely low, they have had some 
success In examining details of the angular correlation that 
would not have been observable with other geometries (Colomblno, 
Plscella, and Trossl 29, 30). Even though the method of point 
detectors can be a useful tool In certain specialized cases. 
It Is not of general applicability with the existing techno­
logy available. If, at some time in the future, a practical 
point gamma ray detector that can be stacked in tightly packed 
arrays becomes available, this method will be the best method 
for measuring the angular correlation of the annihilation gamma 
rays. For the present, however, this method is not of general 
applicability. 
40 
Cylindrical geometry 
The cylindrical geometry has been used by several inves­
tigators, notably Millett and Gastillo-Bahena (31); Hanna 
and Preston (32); and Fabri, Germagnoli, and Randone (33), but 
it has never become popular for reasons that will be made 
apparent. In this method a point sample and a point detector 
define an ajcis, and a circular detector is placed, concentric 
with the axis, on the side of the sample opposite the point 
detector. The point detector defines a very narrow beam of 
gamma rays coming from the source while the circular detector 
R 
defines a conical shell of gamma rays of half-angle £, where 
R is the radius of the circular detector and L is the distance 
from the sample to the circular detector (R« L). The devia­
tion from collinearity of the two annihilation gamma rays will 
R 
also be The point detector- is approximated by a lead 
L 
shield with a small hole drilled in it placed in front of a 
scintillation counter, while the circular detector consists of 
a shield with a hole cut in it and a slightly smaller lead plug 
fit in the hole leaving a circular slit in the shield; this 
circular shield is then placed in front of another scintilla­
tion crystal. The radius, R, of the circular detector is 
changed by changing the circular shield. Thus the experiment 
requires several sets of these shields, all with circular slits 
of different radii. 
If we use cylindrical coordinates, (r,0,z), with the axis 
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of the counters as the z axis, we will know only the com­
ponent of momentum in the r direction since the geometry of 
the slits defines only the relative angle between the two 
gamma rays. To find the counting rate, N(©), at a particular 
angle 0=^ from j '[p), we integrate over p^ and p^ since 
Pp=mc0 
N(0) CX /j^mce,p^,p^) dp^ dp^ . (32) 
The form of Formula 32 points up one of the most serious ob­
jections to the cylindrical geometry for work on single 
crystals: the crystals all have symmetries such as cubic or 
hexagonal which may be interpreted most easily in a coordinate 
system having similar symmetry such as ordinary Cartesian 
coordinates. It would be quite difficult to add the extra step 
of converting | '(p) to cylindrical coordinates in solving 
for the expected N(0), but it would be even more difficult to 
interpret experimental results in terms of the detailed elec­
tronic structure of the material. While this severely limits 
the usefulness of the method when examining the angular cor­
relation from oriented single crystals, it is no drawback when 
polycrystalline samples are used, as we then have a pseudo-
spherical symmetry which can be interpreted easily in terms 
of cylindrical coordinates. 
Along with the difficulties in interpretation of results. 
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this geometry has some severe technical difficulties: for 
example, in order to examine the angular correlation in J 
milliradian steps, one would need at least thirty of the 
circular slits. The machine shop time needed to construct 
this many shields and an automatic changer which could change 
these shields and position them to within a few thousandths of 
an inch would be considerable. Furthermore, the resolution 
would then be fixed and changing the resolution would mean 
constructing thirty or more new circular shields. Since the 
efficiency of these circular detectors cannot be calculated, due 
to error in the machining processes and unknown efficiency of 
the scintillation crystal, the efficiency must be measured to 
within 0,1 percent for all thirty shields. This has proven to 
be a problem in the past as incorrect angular correlations 
caused by incorrectly measured efficiencies have been published 
(see Millett and Castillo-Bahena 31 and March and Stewart 34), 
This method does have the advantage that, as long as high 
resolution, single crystal, work is not going to be done, it 
has a very high detection efficiency, thus it is ideal for 
experiments where the angular correlation and lifetime are 
measured simultaneously in polycrystals or amorphous materials. 
This geometry has been used for combined angular correlation-
lifetime experiments and it will probably have its greatest 
application in this field (Pabri, Germagnoli, and Randone 33). 
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Linear slits 
DeBenedettl et (26) used the linear slit geometry 
when they originally measured the angular correlation of the 
annihilation radiation from a metal in 19^9 and it is still 
the most commonly used geometry at the present. In this system, 
shown schematically in Figure 3, the source, sample, and one 
slit are stationary while the other slit is mounted on a mov­
able arm which pivots about an axis through the sample.* This 
system has several technical advantages. It is quite easy to 
automate; all that is needed is a simple screw feed to move 
the arm. Since nothing is done to the detector except swing 
it about the sample, the efficiency remains constant. Con­
siderably less machine work is needed to construct the slits 
than is needed to construct the circular slits (all that is 
required is that flat faces be machined on two pieces of lead, 
spacers of the appropriate thickness are placed between the two 
flat faces and the two pieces are bolted together. To change 
the slit width, hence the resolution, all that need be done is 
change the spacers). When a separate positron source is used, 
as is generally most practical, the plane sample face required 
by this geometry will Intercept many more positrons than the 
*Other variations of this basic geometry where the slits 
are fixed and the sample is moved off the axis have also been 
used, notably by Stewart (35). 
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Figure 3. Basic linear slit angular correlation apparatus 
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point or line samples required by the other two systems. 
However, the most important advantage of this system is that 
its plane geometry will conform to the crystallographic planes 
of a single crystal sample. If, as indicated in Figure 3^ the 
z direction is defined as perpendicular to the plane of the 
slits, the necessary condition for the two annihilation gamma 
rays to enter the slits is p^rmcG. Since in practice the 
slits are much longer than any observed angular correlation, 
we can regard p^ and p^ as being able to have any value and 
still enter the slits. Thus the angular distribution can be 
found from j (p) by setting p^=mc9 and integrating over all 
Px and Py, that is. 
Both calculation of the expected angular correlations and 
interpretation of experimental data is much easier when this 
geometry is used. 
It would be worthwhile to calculate the expected angular 
correlations for representative types of annihilation in order 
that the observed angular correlations in sodium tungsten bronze 
may be better understood. The angular correlations will be 
(33) 
Expected Angular Correlations 
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calculated for the linear silt geometry, since this geometry 
was used for the present Investigation. 
Posltronlum annihilation 
If posltronlum annihilates while at rest, then 1 (p) 
will be proportional to (from Equation 22) 
r~(p) ^ ^(p) . (34) 
Using Equation 33 to find the expected angular distribution 
yields 
N(e) ex. S(Px) 5(Py) dPx dp (35) 
5(mc0) . (36) 
Since N(0) (^(mce), the angular correlation would be a very 
sharp peak at 0=0 as shown In Figure 4. The presence of such 
a sharp peak has never been observed for a normal metal but Is 
often found when an Insulator Is examined; since there are 
numerous vacancies In sodium tungsten bronze where It Is con­
ceivable that posltronlum might be formed, the angular 
correlation must be examined closely for the presence of such 
a peak. 
EXPECTED ANGULAR 
CORRELATIONS 
FROM POSITRONIUM 
FROM FREE ELECTRONS 
FROM CORE ELECTRONS 
e e 0 
Figure 4, Expected angular correlations 
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Annihilation with free electrons 
I ( p )  f o r  a  f r e e  e l e c t r o n  g a s  w i l l  b e  g i v e n  b y  ( f r o m  
Equations 12 and 26) 
Rp) - s) 
k 
(37) 
where the sum is over all occupied electron states; thus 
j (p) is simply proportional to the number of occupied elec­
tron states with k-p. The angular distribution, N(6), will 
be (from Equation 33) 
that is, N(0) is proportional to the number of occupied elec­
tron states with k^-mcG. Since the occupied electron states 
are those enclosed by the Fermi surface, which is just a sphere 
of radius kp in the case of a free electron gas, the number of 
occupied states with k^-mce is proportional to the area of a 
slice through the Fermi surface perpendicular to the k^ axis, 
intercepting the k^ axis at mc0. As can easily be seen from 
Figure 5, where such a slice through a spherical Fermi surface 
is shown, the area of this slice, hence N(e), is proportional 
to 
2 2 
N(e)o< kp - (mce) (39) 
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(k| -m2c2 «2)"^ 
Figure 5. Variation of the area of a slice through a free 
electron Fermi surface. 
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or If we let 
(40) 
then 
N(e) o< (e^ - 0^) (41) 
and the expected angular distribution from a free electron gas 
will be a parabola, centered at 0=0, intercepting the 0 axis 
at 0p. An example of such a parabolic angular distribution is 
shown in Figure 4. If a metal has such a parabolic angular 
distribution, the intercept of the parabola, 0p, will give the 
radius of the Fermi surface, kg. For most metals at least the 
central portion of the angular distribution is parabolic, and 
kp as found from the Intercept is in good agreement with the 
k predicted by free electron theory. 
r 
Annihilation with core electrons 
If the positron annihilates with a core electron, we can 
calculate the angular correlation using the atomic core wave-
function for the electron's wavefunction since the core wave-
function is essentially the same in a solid as in an atom. For 
annihilation with a bound atomic electron, then 
n[p) ^(r) e-^S.'R dr (42) 
where is the atomic wavefunction. Since higher crystal 
momentum components will be present in such a localized wave-
function, we would expect that the angular correlation would 
be a fairly broad, smoothly varying, curve. In practice one 
obtains an angular correlation which is nearly Gaussian such 
as shown in Figure 4, Although the height of the core portion 
relative to the parabolic free electron part varies widely with 
different metals, the same basic shape is always found for the 
annihilation of core electrons both by experimental (Wallace 28b) 
and theoretical means (Berko and Plaskett 27). 
If, as in a metal where the atoms are fairly far apart, 
the conduction electron wavefunctions retain a good deal of 
their original atomic character and overlap only slightly with 
the wavefunctions of the neighboring atoms, then the tight 
binding approximation is appropriate axid ^ will be approx­
imated by the Bloch function (Ziman 11, p.82) 
e^-*- r(r-l) (43) 
e 1 
where again ^is the original atomic wavefunction, 1, is an 
arbitrary lattice vector, and the sum is over the crystal. In 
this case (k) will be (from Formula 30): 
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e''^(Ên+k) .r / (r) ^  (r) dr . (44) 
If we have a full zone, there will exist a G such that p-G 
—n ^ n 
lies in an occupied region of reciprocal space and | (p) 
becomes 
n:p) c< 1r) ^(r) e^^'- dr (45) 
which is the same as the | (p) for a localized core electron. 
Therefore a tightly bound conduction electron will have the 
same angular correlation as a localized core electron in the 
same atomic state would have. 
Setup of Apparatus 
The basic linear slit geometry shown in Figure 3 is, of 
course, highly simplified; in order to obtain high resolution, 
high counting rates, and low background, several other things 
must be added to the apparatus. Although it is still somewhat 
simplified and high schematized, the complete apparatus is 
shown in Figure 6. Since all the components are standard items 
of physics research, it would serve no purpose to describe 
each part in full detail; thus only the application of the 
various components to this experiment will be covered. 
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Figure 6. Schematic diagram of the experimental apparatus 
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The positron source 
One of the main problems of positron annihilation work 
is that of the positron source itself. While there are many 
available isotopes which are positron emitters, these 
isotopes can all decay by the competing mode of electron 
capture (EC) if there is an electron near the nucleus. Of 
course, the probability of there being an electron at the 
nucleus Increases with the atomic number, Z, of the isotope. 
The process of electron capture is so effective that for 
Z=27, in the case of Co^^, 85 percent of the decays are by 
electron capture. This means that all the high Z positron 
emitters will emit very few positrons and will be of little 
value in positron annihilation work. The only three isotopes 
which have a low enough electron capture rate and a long 
enough lifetime to have been useful in positron annihilation 
work are Na^^(2,6 years, EC 11^), 00^^(70 days, EC 85^), and 
Cu^^(l2.8 hrs., EC 42$^, e~ 39/^). All three of these sources 
have been used in this type of work and they each have their 
advantages. Cu^^ will provide a very high intensity source; 
however, the lifetime is so short that unless a high intensity 
reactor is available on site it is quite difficult to use. 
Op 
Na has the longest lifetime and the lowest percentage of 
electron capture of the three and is therefore a very good 
2P 
and frequently used positron source; unfortunately Na cannot 
be made in a reactor but must be made in a cyclotron and is 
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consequently very expensive. In addition to the expense is 
the disadvantage that ^a^^ comes in the form of Na^Sci accom­
panied by a very high percentage of inert NaCl; thus it is 
difficult to make a small point or line source with Na^^. Worse 
yet, there is always the possibility of an accident which 
results in a dispersal of the radioactive Na^^Cl dust, since 
sealing the Na^^ inside anything of any strength will seal 
in all the positrons also. Co58 has many advantages when 
compared to the other two: it can be obtained carrier-free 
and the Co metal is simply plated out on a thin copper foil 
and diffused into the copper with heat; the Co can be plated 
out on a very small area so that one may come quite close to 
whatever source configuration desired; and although it is 
possible (but not at all likely) to have an accident and damage 
the source, an accident which results in the dispersal of a 
fine radioactive dust is impossible with Co^^ used in this 
manner. Co^B is the most expensive source per positron used 
because of the short lifetime and the high percentage of 
electron capture, but by only a small amount over Na^^. The 
greatly increased safety makes the extra cost worthwhile, 
however. 
The positron source used in this work* was about 80 mC 
*The Go58 positron source and its brass holder were 
supplied by the New England Nuclear Corporation. 
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copper foil. The Co was diffused into the copper foil by 
heating, so that Co^^ was essentially sealed in by copper atoms. 
The foil was mounted in a brass holder which was designed for 
easy transfer from the lead storage container to the apparatus 
and back. Since the thin copper foil stops relatively few of 
the positrons, the source is effectively a small, freely sus­
pended, source of positrons (the brass holder holds the foil 
by its edge and does not interfere with any of the positrons 
leaving the source). 
The positron focusing magnet . 
With a large sample it is possible to intercept as many 
as 4o percent of the positrons and still maintain the necessary 
spacing between the source and the sample; however, samples 
as large as are needed to do this are not always easy,to obtain, 
especially when single crystal samples are desired. In order 
to focus as many of the positrons as possible on the sample, 
the source and the sample were placed in an evacuated chamber 
to minimize the number of annihilations in the air, and the 
chamber was then placed in a 10 kG magnetic field that had a 
strong gradient. The source and the sample were both placed 
on the axis of the field with the gradient going from the 
sample to the source, that is, the source was in a stronger 
field than was the sample. The magnetic field constrained the 
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positrons leaving the source to two beams, one directed along 
the field direction toward the sample, the other directed 
along the field, in the opposite direction, toward the chamber 
wall. Because of the strong gradient in the field, some of 
the positrons starting out in the beam going away from the 
sample were turned around, passed through the thin copper foil 
and continued on to the sample, The result of these positrons 
being turned around was that the beam going toward the sample 
was somewhat more intense than the beam that ended up wasted 
on the wall of the vacuum chamber. The diameter, D, of the 
beam will be 
4(3/0} 
D = ^end point + source diameter (46) 
^ 0.5 inches 
in the apparatus used, since the source diameter was 0.l4 inches, 
B=10 kG, and the Co^^ end point energy was 0,47 Mev. The beam 
was not at all homogeneous but was much stronger toward the 
center, on the axis, than it was on the outside, since very 
few positrons have the end point energy required to be on the 
outside of the beam; even a positron with this end-point energy 
spends most of its time somewhere in the center of the beam. 
A sample with a flat face of 0.5 inches minimum dimension would 
intercept all the positrons if it was correctly positioned. 
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and a slightly smaller sample could be used with only a small 
loss of positrons. 
The magnetic field was supplied by a special Varian 
six inch magnet with one pointed pole cap and one flat pole 
cap. With this pole configuration, an average gradient of 
about 1 kG/cm was obtained. The magnet was powered by a 
Varian V-2600 regulated magnet power supply which regulated 
the current to one part in 10^. Since the field, B, is 
nearly proportional to the current and D is almost inversely 
proportional to B, D will also be stable to one part in 10^, 
which is more than adequate for this work. 
In a conventional system where the positron source is 
external to the sample (as shown in Figure 3), the sample will 
intercept 10 percent to 40 percent of the positrons depending 
on the size of the sample used. If a large sample is not ob­
tainable, as is usually the case when single crystals are 
used, then about 20 percent of the positrons will be the most 
that will strike the sample. When a focusing magnet is used, 
about 60 percent of the positrons will strike the sample if 
the sample has a flat face of 0.5 inch minimum dimension. Thus 
a focusing magnet will increase the positron intensity at the 
sample by about a factor of three. In addition to making 
higher positron intensities possible, magnetic focusing also 
makes shielding the counters from the direct radiation of the 
source much easier, as a very short source-to-sample distance 
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is no longer needed or desirable. Furthermore, there will be 
very few annihilations taking place with the sample holder and 
the vacuum chamber and those few that do occur, occur In known 
locations and may be easily taken care of with a small amount 
of extra shielding. 
The sodium tungsten bronze samples 
Positron range The penetration depth of positrons 
and electrons In various materials was measured by Sellger (36), 
who found that the penetration depth (in mass/unit area) was 
approximately the same for several materials. For a 0.5 Mev 
positron the depth was about 150 mg/cm^ which would correspond 
to 0.008 Inches In Nag y^WO^. Since there are only a few 
positrons with this end point energy, the average penetration 
depth would be less than 0.008 Inches. Thus we have an 
extremely thin source of annihilation radiation whose effective 
thickness would be limited more by surface defects of the sample 
and by errors In alignment than by positron penetration depth. 
Size and orientation The samples used In this work 
were three plates, cut perpendicular to the (1,0,0) direction, 
the (1,1,0) direction, and the (1,1,1) direction from one large 
crystal of Nag y^WO^. In order to minimize surface dis­
locations, they were cut from the crystal by spark erosion and 
then the flat face was polished with a fine abrasive to give 
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the flat smooth surface required for the experiment. The three 
samples were not all the same shape and size, but as the flat 
face of each of the three samples had a minimum dimension of 
0,5 inches or larger, the extra material had little effect on 
the experiment. Since the sample need only be thick enough to 
stop all the positrons, that is, about 0.008 inches, the 1/8 
inch thickness of the samples was more than sufficient. These 
samples were grown and prepared by Professor G. C. Danielson's 
group at Iowa State University. 
Detection system 
Slit system The high angular resolution needed was 
obtained by using lead slits to colliraate the gamma rays and 
shield the detectors. Since the s simple itself provided a plane 
source of annihilation radiation, no additional colllmation was 
needed near the sample; thus slits 2 and 3 served only to 
shield the detectors from the direct radiation of the Co^^ 
source and from stray annihilations with the vacuum chamber and 
the sample holder. Slits 1 and 2, the Na^ y^WO^ sample, and 
the positron source were all stationary, while slits 3 and 4 
were mounted on a movable arm which pivoted about an SLXIS 
through the sample. Slits 1 and 4 were both l6 inches long and 
0.030 Inches wide. Since they were both 10 feet away from the 
sample, they defined an angular resolution of ^ milliradlan. 
Slits 1 and 4 were made of lead with a 3/4 inch steel backing 
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to provide extra rigidity. Each half of the slit had the lead 
surface milled flat, 0,030 inch shims were placed between the 
two halves and the two halves were bolted together, 
Nal gamma ray detection crystals and photomultipliers 
Each detector consisted of a Harshaw No, 8 MU 64-X, Nal(Tl) 
scintillation crystal. These crystals were designed especially 
for this particular type of experiment and were made by opti­
cally coupling two eight inch long by two inch diameter sodium 
iodide crystals to effect a single sixteen inch by two inch 
diameter scintillation crystal. This assembly was encapsulated 
and provided with an optical window on both ends for viewing 
with RCA 681OA photomultipliers. The gains of the two photo-
multiplier tubes were matched and the outputs summed. In this 
manner, any gain shifts due to attenuation of the light coming 
from the gamma ray cancelled out to first order. Tests were 
made to check this by placing a gamma ray source at various 
locations along the length of the detector and examining the 
pulse-height spectra from the summed output. While slight 
changes in the resolution of the detector were noted, no change 
in gain was seen as the source was moved along the detector. 
When the pulse-height spectra from just one of the tubes was 
examined, large changes in the gain were seen. 
Since it is difficult to obtain highly regulated power 
supplies that will supply over 1000 volts, and the RCA 681OA 
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required 2300 volts, one Keithley 24l, 1000 volt supply was 
used to supply -1000 volts to the cathodes while another was 
used to supply -1000 volts to the last dynode. The highly 
regulated voltage was not supplied across the entire tube, 
but was supplied from the cathode to the last dynode. As no 
multiplication of electrons occurs at the anode, the 300 volts 
needed between the last dynode and the anode to collect the 
electrons need not be so highly regulated and was supplied by 
a small, floating, VR regulated, 300 volt supply. Although this 
system requires about twice as many high voltage cables as the 
more common systems, it has the advantage that no point is more 
than 1300 volts from ground which minimizes corona, eliminates 
the need for electrostatic shielding around the photomultiplier 
tubes, and allows one to use the very highly regulated Keithley 
241 power supplies. Each tube was provided with individual 
gain, focus, and acceleration controls so that the performance 
of each tube could be optimized individually. 
Pulse and coincidence circuitry The positive pulse from 
the eighth dynode of each photomultiplier tube was fed to a 
cathode follower and then summed with the pulse from the other 
tube of the detector. The summed pulse went to one of the 
Hamner N338 side channel amplifier and pulse-height analyzers, 
where those pulses corresponding to a gamma ray energy between 
0.6 and 0.2 Mev were selected. The large negative pulses from 
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the anodes of the two tubes of each detector were summed imme­
diately at the grid of a limiter whose output was a flat pulse 
of one volt in amplitude with a fast rise time (10 nsec). The 
pulses from the two limiters went to the fast coincidence 
circuit, a standard shorted clipping line coincidence circuit 
with a 2 T resolving time of 10 nsec. The outputs from the 
fast coincidence circuit and the two side channel pulse-height 
analyzers then went to the slow coincidence, where an output 
pulse resulted whenever a fast coincidence occurred between 
two pulses which were both in the proper energy range. This 
system is the standard fast-slow coincidence system of Bell, 
Graham, and Fetch (37, 38), which has been used so long and is 
so common that it merits no further description. 
Scalers and programer The number of coincidences arid 
the number of singles in each detector were counted on three 
Control Measurements Corporation 704b printing scalers and 
were printed out by a CMC 400CT data printer. Although the 
number of singles in the sidechannels were not used specifi­
cally in the data analysis, they were very useful in spotting 
instabilities and other defects in the detection system. 
The entire system was controlled by a programer which 
would then count for a preset time, print out the scalers and 
reset them, advance the arm i milliradian, then start counting 
again. The angular limits were controlled by a pair of 
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mlcroswitches which were set to limit the angular movement 
to 15 milliradians on each side of the central position. 
Counting was done in one direction only to eliminate the 
effect of lost motion in the lead screw which moved the arm. 
The time spent counting at each position was 200 sec, so a 
sweep across the full angular range took about four hours. 
Since many individual sweeps were made in order to obtain 
enough data for an angular correlation of the desired accuracy, 
the effects of drift in the detection system were averaged 
and thus minimized. 
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RESULTS AND DISCUSSION 
Experimental Angular Correlations 
The experimental angular correlations for (1,0,0), 
(1,1,0), and (1,1,1) Nao,Y5W02 are shown in Figures 7, 8, and 
9, respectively. The experimental points are shovm folded 
about the experimental origin. The errors are shown on only 
a few of the points, although the error for each point varies 
as 1 since the counting time was the same at each angular 
position. The solid lines are parabolas fitted, by the method 
of least squares, to the points inside 5.5 milliradians. The 
maximum of the least squares parabola was defined as the ex­
perimental zero of each angular correlation. Even though the 
resolution of the apparatus was high, we note that there is only 
a trace of structure in the experimental curves; in fact, the 
greatest amount of fine structure, that near the origin in the 
(1,1,0) curve, is Just barely statistically significant and 
could be explained in terms of slight surface contamination of 
the sample or statistical fluctuations. In Figure 10 curves 
drawn through the three sets of experimental points, normalized 
at 0=0, are shown. The slight amount of structure near 0=0 
is shown, but no special significance will be attached to it. 
The three curves are very nearly the sams; the difference 
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(1,0,0), (1,1,0), and (1,1,1) Nag ^^WOg 
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between them is significant though ahd implies that the 
electronic structure of the material is definitely anisotropic. 
The experimental points do not fit the parabolas particularly 
well and the angular correlations most resemble a typical 
Gaussian shaped core pattern such as was shown in Figure 4. 
Discussion 
The six tungsten electrons and the six oxygen electrons 
outside the inert gas cores form covalent bonds in the WO^ 
complex. These bonding electrons are, no doubt, in a state 
which may be described by a hybridized wavefunction consisting 
principally of oxygen 2s, oxygen 2p, tungsten 6s, and tungsten 
5d wavefunctions. Since the oxygen 2s and the tungsten 6s 
levels can hold only two electrons apiece, they could not be 
the dominant part of the wavefunction even if they were fully 
occupied. Thus the wavefunction will probably have largely an 
oxygen 2p character around the oxygen atoms and a tungsten 5d 
character around the tungsten atom. The tungsten 5d orbital, 
however, extends much further than the oxygen 2p orbital does; 
The outer maximum of the tungsten 5d wavefunction is at 1.46 
Bohr units while the outer maximum of the oxygen 2p function 
is at 0.80 Bohr units (Herman and Skillman 39). Therefore in 
the interatomic regions, where the positron density is greatest, 
most of the electrons have essentially a tungsten 5d character. 
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The electrons that have an oxygen 2p character would be much 
closer to the oxygen core where the positron density is much 
lower. Thus in WOg most of the annihilations will take place 
with electrons that are in states that are essentially tungsten 
5d states. If the conduction electron donated by the sodium 
atom goes into a conduction state that also has essentially a 
tungsten 5d character, then the angular correlation obtained 
would be almost the same as would be obtained from a pure 
tungsten 5d state, as was pointed out in the section on core 
electrons. It was pointed out by Lomer (4o) that in tungsten 
metal most of the six electrons also have a 5d character; thus 
the angular correlation from tungsten metal (or molybdenum, or 
chromium above the Neel point, since, as was also pointed out 
by Lomer (40), these metals have very similar electronic 
structures) and the angular correlation from sodium tungsten 
bronze should be very similar if the conduction electron is in 
a tungsten 5d state. This similarity is shown quite clearly in 
Figure 11 where the angular correlations from a (1,0,0) 
Na. __W0_ crystal and a (1,0,0) chromium crystal above the 
-.IP 3 
Neel point are plotted. 
As was mentioned earlier, the positron lifetime in sodium 
tungsten bronze and in pure WO^ was measured by Rodda (19). 
Since VTO^ has nearly the same structure and lattice constants 
as the WO2 complex of cubic sodium tungsten bronze, WO^ may be 
considered to be Na^ ggWO^. The expected variation in lifetime 
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Figure 11, Comparison of the angular correlations from (1,0,0) 
chromium (above Néel point) and (1,0,0) Nao.y^WOg 
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as a function of x can be found since | % the annihilation 
rate, is proportional to (from Formula 13) 
dr (47) 
If all 6+x electrons lie in similar states which are princi­
pally tungsten 5d states, then the shape of ^ would be 
2 
nearly independent of x, so would be proportional to 
Ô+X. The addition of the sodium ions would change the positron 
wavefunction, but this change will be greatest at the 
sodium site. In the absence of the sodium ion ^ would have 
a maximum at the sodium site (from the symmetry of the 
structure). When the sodium ion is present, ^ must have a 
node at the sodium site since both the positron and the sodium 
ion are positively charged and, hence, repel each other. Near 
the tungsten atom, however, the addition of the sodium ions and 
the additional electron on the tungsten will have only a small 
effect on ^. The change in potential near the tungsten atom 
due to the sodium ion will not be large and will not greatly 
effect near the tungsten atom. The extra electron pre­
sent on the tungsten atom would certainly attract the positron 
and enhance ^ at the tungsten site; but this change is only 
a change of, at most, one electron out of 74 so this too would 
not cause a large change in ^ at the tungsten site. If ^ 
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Is regarded as constant at the tungsten site, then the annihi­
lation rate. , would be: 
=4 6 + X (48) 
and the lifetime, T, would be given by 
T= ^  (49) 
where A is a constant of proportionality. In Figure 12 we have 
plotted the lifetimes as a function of x (as measured by Rodda 
19) and T from Formula 49 as the solid line. A is chosen to 
give the best fit to the experimental points. Clearly there is 
no disagreement between this picture and the experimental 
results. 
If the conduction electrons were in sodium 3p states, we 
would expect that there would be a significant deviation from 
a Gaussian shaped core pattern, especially for the low angle 
points. Even though the central section would not correspond 
to a free electron parabola with a 0^ corresponding to O.75 
free electrons per unit cell since the Fermi surface predicted 
by the sodium 3p model is not centered at the Brillouin zone 
center but instead is centered at the (1,1,1) point of the cubic 
Brillouin zone (Mackintosh 7). One would expect, however, that 
there would be significant structure to the angular correlations 
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and that the angular correlations from the different orienta­
tions would be quite different. The structure in the angular 
correlations should be most pronounced near angles corres­
ponding to the zone boundaries: the zone boundary corresponds 
to 0=3.14 mr in the (1,0,0) direction, 9=4.44 mr in the 
(1,1,0) direction, and 0=5.44 mr in the (1,1,1) direction. 
There is no sign of any structure at these angles in the three 
experimental angular correlations. 
If the conduction electrons are in sodium 3p levels, the 
calculation of the variation of the lifetime is not as straight­
forward as it was in the case of a tungsten 5d level, but we 
can still calculate it approximately. We first note that even 
though there are six essentially 5d electrons in WOg with which 
the positron can annihilate, the lifetime is much longer than 
it is for even a monovalent metal like sodium (3.40 X 10"^^ sec 
in WOg compared with 1.5 X I0~^*^sec in sodium metal). There­
fore the positron density cannot be particularly high near the 
tungsten 5d electrons. As the outer maximum of the sodium 3p 
function is at about 2.4 Bohr units (Herman and Skillman 39), 
the sodium 3p function extends into the interatomic regions 
even further than the tungsten 5d function does. Thus an elec­
tron in a sodium 3p state would be in a region of high positron 
density and the annihilation rate for such a 3p electron would 
be considerably greater than the rate for electrons in tungsten 
5d states. Since the sodium 3p electrons would spend a 
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considerable portion of their time in regions where the posi­
tron density is at least as high as it would be in a normal 
metal we will use the annihilation rates in metals to estimate 
the expected variation of the lifetime with x. As the density 
of sodium atoms in Nai^QgWO^ is nearly 70 percent of what it 
is in sodium metal, we would estimate that the annihilation 
rate with sodium 3p electrons. 3p , would be 
3P 
= .70 X 
—I 
Na 
(50) 
even though there is a considerable difference between a sodium 
3p function and the essentially free electron function in 
sodium metal. The annihilation rate in Na^WOg can then be 
found by adding the annihilation rate in pure WO^ and the anni­
hilation rate for 3p electrons 
Na^WO^ WO. 3P 
(51) 
WO. 
+ .70 X 
Na 
(52) 
and the lifetime, T, will be given by 
T Na^W03 
T T 
WO^ Na 
%a + -70 X 
(53)  
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which is shown as the dotted line in Figure 12. Even if the 
lifetime in pure WO^ were ignored, this curve could not be 
normalized to give a good fit to the other three experimental 
points. Indeed, any model that predicts an annihilation rate 
for conduction electrons which is significantly different than 
the rate for the electrons of the ¥0^ complex will not fit the 
experimental lifetimes. Since the sodium 3p wavefunction 
extends so much further into the high positron density region 
than any other wavefunction does, it is difficult to see how 
the sodium 3p model could predict an annihilation rate which 
is nearly the same as the rate for the electrons of the WOg 
complex. 
If the conduction electrons were in sodium 3p states, it 
might be possible for a positron to occupy a sodium vacancy 
and form positronium with one of the 3p electrons. This 
positronium tungsten bronze may well be unstable; on the basis 
of the sodium 3p model, however, it would certainly be more 
stable than hydrogen tungsten bronze. Mackintosh (7) proposed 
that hydrogen tungsten bronze was unstable because the large 
energy difference between the Is and the 2p levels makes pro­
motion of an electron to the 2p state unlikely. In positronium 
this energy difference is only one-half of what it is in 
hydrogen (because the reduced mass is only one-half of what 
it is in hydrogen). Also, the overlap with the adjacent wave-
functions is also much greater in the case of positronium. 
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Figure 12, Positron lifetimes in sodium tungsten bronze 
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This means that although the 3p model does not definitely 
predict that positronium will be formed in the sodium 
vacancies, it does not rule out the possibility of positronium 
being formed there either. Experimentally we find that 
positronium is not formed as there is neither a sharp central 
peak in the singular correlation, nor is there the second, 
longer component of the lifetime characteristic of positronium 
formation. 
Both the experimental angular correlations and the 
positron lifetimes may readily be explained if one assumes 
that the conduction electrons are in levels which are essen­
tially tungsten 5d states. Assuming the conduction electrons 
are in sodium 3p states leads to expected angular correlations 
and positron lifetimes which do not fit the experimental 
observations. In the absence of detailed calculations of the 
positron wavefunction, the expected angular correlations, and 
the variation of the lifetime with x, one cannot rule out the 
sodium 3p level absolutely; however, the simple calculations 
strongly favor the tungsten 5d model. This is not to say that 
other wavefunctions do not play an important part in the 
conduction electron wavefunctions, without a doubt many other 
wavefunctions including the sodium 3p are an important part 
of the conduction electron wavefunction. It is quite possible 
that a small amount of sodium 3p wavefunction in the con­
duction wavefunction could have a profound effect on the 
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transport properties and crystal stability, even though 
the amount was not large enough to have an important effect 
on the positron annihilation results. 
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Positron Annihilation in Liquid and Solid Mercury* 
D. R. GUSTATSON, A. R. MACKINTOSH, AND D. J. ZAFPARANO 
Institute for Atomic Research and Department of Physics, Iowa Slate University, Ames, lovia 
(Received 10 January 1963). 
Results are presented of a study of the angular correlation of photons from the annihilation of positrons 
with electrons in solid and liquid mercury. The angular distribution of photon coincidences can be separated 
into contributions arising from annihilations with the ionic-core electrons and with the conduction electrons. 
The angular variation of the former does not appear to change at the solid-liquid transition, but the distribu­
tion for the conduction electrons is considerably modified. The plot of the number of coincidences against 
angle for the conduction electrons in the solid can be fitted very well by a parabola corresponding to two 
free electrons per atom, which indicates that the Fermi surface in extended k space does not depart very 
significantly from a sphere. The relative number of annihilations from the conduction electrons in the liquid 
is considerably greater and the distribution departs from the free electron parabola at large angles. These 
effects are interpreted in terms of the distortion of the wave functions and the broadening of the electronic 
energy levels by the disorder in the liquid. It is concluded that the uncertainty in the wave vector of an elec­
tron at the Fermi surface in the liquid is about 20% of the Fermi wave vector. 
INTRODUCTION 
The electronic band structure of liquid metals has recently been the subject of considerable theo­
retical and experimental investigation. On the one hand, 
an attempt has been made to calculate the electronic 
eigenfunctions and energy levels,'-^ and on the other a 
number of measurements of the optical' and transport 
properties of liquid metals^ have been made to determine 
experimentally some features of the electronic band 
structure and scattering mechanisms. Because of their 
inherent nature as disordered structures, the electronic 
free path in liquid metals is short and it is not therefore 
feasible to carry out such experiments as the de Haas-
van Alphen or magnetoacoustic effects, which have been 
* Contribution No. 1257. Work was performed in the Ames 
Laboratory of the U. S. Atomic Enerw Commission. 
' S. F. Edwards, Proc. Roy. Soc. O^ondon) A267, 518 (1962). 
' V. Heine, in The Fermi Surface, edited by W. A. Harrison and 
M. B. Webb (John Wiley & Sons, Inc., New York, I960), p. 279. 
' L. G. Schulz, Advan. Phys. 6,102 (1957) ; J. N. Hodgson, PWI. 
Mag. 6, 509 (1961). 
* C. C. Braidley, T. E. Faber, E. G. Wilson, and J. M. Ziman, 
successfully applied to the determination of the Fermi 
surface in solid metals. This limitation does not apply 
to the study of the angular correlation of the photons 
created when positrons annihilate with the electrons in a 
metal however, and valuable information can be ob­
tained from such measurements.' 
The purpose of the experiments described in this 
paper was to make a comparison of the electronic 
structures of mercury in the solid and liquid states by 
comparing the photon distribution from the two phases. 
A study of positron annihilation in liquid mercury has 
previously been madety Stewart,' but he did not com­
pare the angular distribution with that for the solid and 
so was unable to draw any explicit conclusions about the 
electronic structure of the liquid. In this work the 
distribution of angular correlations was obtained both 
for the liquid and the solid phases and it has proved 
possible to deduce from the results a number of con-
• A. R. Mackintosh, U. S. Atomic Energy Commission Report 
IS-299 (1962). 
• A. T. Stewart, Can. J. Phys. 35, 168 (1957). 
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elusions about the electronic structure of both the solid 
and the liquid. 
EXPERIMENTAL PROCEDURE 
The angular correlation of the annihilation photons 
from the mercury was measured with a parallel slit 
system, shown schematically in Fig. 1. This geometry 
has been used and discussed by several other investi­
gators.'*® Slits 1 and 2, the mercury sample, and the Na^ 
positron source were stationary while slits 3 and 4 were 
mounted on a movable arm which was pivoted about an 
axis through the sample. Slits 1 and 4 shielded the de­
tectors while slit 2 defined the region of the mercury 
UOUION 
[WHEN USED) 
MYLAR 
l=*=4t)ONBOO 
; sVACUUM 
JACKET 
Fio. 2. The cryostat and 
sample bolder. 
g^„?^AT,ON 
' S. DeBenedetti, C. E. Cowan, W. R. Eonneker, and H. 
Primakoff, Phys. Rev. 77, 205 (1950). 
'S. Berko and J. S. Plaskett, Phys. Rev. 112, 1877 (1958), 
sample from which photons could be received and also 
shielded the stationary detector from the direct radia­
tion of the NaP source. These three slits were all 0.060 in. 
wide, thus defining an angular resolution of 0.5 mrad. 
Slit 2 was adjusted so that the Na^ source and the iron 
support rod were outside the region defined by it and 
slit 1. Only the mercury and its Mylar container were 
therefore visible to the stationary detector. Slit 3 served 
only to shield the movable detector from the Na®® source 
and was much wider than the other slits. Since the 
detectors only registered coincident photons, all meas­
ured annihilations took place in the region of the 
mercury and the Mylar, defined by slits 1 and 2. 
A detail of the mercury sample and the Na^ positron 
source is shown in Fig. 2. 10 mC of Na^^ were deposited 
in a depression in the end of the brass screw and covered 
with 0.25-mil Mylar. The distance between the source 
and the sample was adjusted by means of the screw to be 
about in. for this experiment. An iron rod was used to 
support the cylinder of 0.25-mil Mylar which was filled 
with triply distilled liquid mercury. Iron was chosen for 
the support because it is a fairly good conductor of heat 
and does not amalgamate with mercury. Slits were cut 
in the radiation shield and in the vacuum jacket to 
minimize scattering of the photons, those in the vacuum 
jacket being covered with 5-miI Mylar. The sample 
chamber was evacuated to minimize annihilation in the 
air and to provide thermal insulation for the low-
temperature run. For the measurements on the solid, 
liquid nitiogen was added to the cryostat to freeze the 
mercury. No other changes were made in the apparatus 
between the two runs and the same Mylar covered the 
liquid and solid mercury. 
Each detector consisted of two NaI(Tl) scintillation 
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crystals in the form of disks of |-in. thickness and 1^-in. 
diam. The crystals were arranged so that, including the 
slits, they made up a photon detector 3 in. long and 
0.060 in. wide. Each of the four crystals was coupled 
to an RCA 6810 A photomultiplier tube; the gains of 
each pair were matched and the outputs added together. 
The photomultipliers were followed with a conventional 
fast-slow coincidence system' with an over-all resolving 
time of 10 nsec. The pulse-height analyzer following the 
movable detector was set to accept all pulses in the 
annihilation peak, while the other pulse-height analyzer 
was set to accept all pulses corresponding to an energy 
greater than 0.2 MeV. 
The movable arm was programmed to sweep an arc 
extending 15 mrad each side of the central position, in 
steps of 1 mrad. The system was set to count for a fixed 
time at each position and was cycled over its 30 mrad 
angular range about 50 times in both the solid and liquid 
runs, in order to reduce the effects of drift in the 
electronics. 
THE RESULTS 
The angular distributions of annihilation coincidences 
for solid and liquid mercury are shown in Fig. 3. The 
zero of the abscissa is taken at the maxima of the least-
squares parabolas which are fitted to the nine central 
points of each of the angular distributions. The centroids 
of the two angular distributions coincide with the 
maxima of the two parabolas. 
It is possible, in principle, to calculate the angular 
distribution due to annihilation with core electrons from 
the core wave functions,® but since the principal interest 
in this experiment lay in the distribution from the con­
duction electrons, the core annihilation distributions 
were approximated by Gaussian functions. A Gaussian 
' Bela- and Gamma-ra^ Spectroscopy, edited by K. Siegbalm 
(North-Holland Publishing Company, Amsterdam, 1955), pp. 
o02-S05. 
curve was fitted to those points outside 6 mrad for both 
the liquid and solid distributions, and the ordinate in 
Fig. 3 is normalized so that the areas under the two 
Gaussians are equal. Only the Gaussian for the liquid 
distribution is shown as the two curves were the same, 
within experimental error. As can be seen from Fig. 3, a 
Gaussian is a good approximation to the corc annihi­
lation distributions. 
It is clear from Fig. 3 that the ratio of conduction 
electron to core annihilation changes significantly when 
the mercury solidifies. If we take the area under the 
Gaussian as being proportional to the number of core 
annihilations and that between the parabola and the 
Gaussian as proportional to the number of conduction 
electron annihilations, we find the percentages of core 
and conduction electron annihilations to be: liquid 
mercury—40% conduction, 60% core; solid mercury— 
25% conduction, 75% core. 
In both the liquid and the solid results the Gaussian 
intersects the parabola at the angle, dp, corresponding to 
the Fermi wave vector for the free-electron model. In 
Fig. 4 the number of conduction electron coincidences, 
normalized to the maximum of the appropriate parabola, 
is plotted against B/OF for both the solid and the liquid. 
It is noteworthy that, whereas the points for the solid 
do not deviate significantly from the parabola, there is a 
significant deviation near Bp for the liquid. 
The approximate background due to the Mylar con­
tainer in the liquid run is shown in Fig. 3. It was not 
possible to determine the number of annihilations taking 
place in the Mylar accurately, because the shape of the 
container was different when the mercury was removed. 
Rough background measurements indicated, however, 
that about 7% of the annihilations occurred in the 
Mylar. Since the same Mylar covered the specimen in 
both the liquid and solid experiments, the differences 
between the two distributions could not have been 
caused by the container. 
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DISCUSSION 
The coincidences from the conduction electrons in the 
solid can be fitted, within the experimental error, to the 
parabola corresponding to a free-electron sphere con­
taining two electrons per atom (see Fig. 4). This indi­
cates that the Fermi surface in extended k space is 
comparatively little distorted from a sphere although 
the form of the surface in the reduced zone scheme is 
probably rather complex, on account of the complicated 
crystal structure of mercury. A parabolic distribution is 
also observed for such metals as sodium and potassium' 
which are thought to have almost spherical Fermi 
surfaces, while there are considerable departures from 
the free-electron parabola in the anisotropic metals, 
beryllium'" and gadolinium." The isotropy of the elec­
tronic distribution in mercury is not surprising, since 
there is considerable evidence that its neighbors in the 
periodic table, thaUium" and lead,"-" do not depart 
greatly from the nearly free electron model. 
The conduction electron coincidences from the liquid, 
on the other hand, depart significantly from the free-
electron parabola. We interpret this as being due to the 
broadening of the conduction electron energy levels due 
to scattering of the electrons from the disordered lattice, 
and the consequent blurring of the Fermi surface. 
Explicit calculations of this effect have been made by 
Edwards.' In order to obtain an estimate of the magni­
tude of the uncertainty in wave vector, we assume that 
" A. T. Stewart, J. B. Shand, J. J. Donaghy, and J. H. Kusmiss, 
Phys. Rev. 128, 118 (1962). 
" D. R. Gustafson, A. R. Mackintosh, and D. J. Zaffarano (to 
be published). 
" T. A. Rayne, Phys. Letters 2, 128 (1962). 
" A. V. Gold, Phil. Trans. Roy. Soc. A251, 85 (1958). 
" A. R. Mackintosh, Proc. Roy. Soc. London A271, 88 (1963). 
the probability of occupancy of a state k is given by 
f(^) = ;4{exp[(K:-l)/A]+l)-', (1) 
where .4 is a normalization constant, K^k/kp (kp is the 
Fermi wave vector), and A is a parameter which de­
scribes the broadening of the energy levels. This func­
tion also describes the blurring of the Fermi surface due 
to an increase of temperature above the absolute zero. 
For an isotropic distribution of electrons in k space, the 
angular variation of coincidences is given by' 
N(^)='2f  KP{K)dK, 
Jff 
(2) 
where fi=9/dF- Substituting P(K) from (1) in (2) and 
putting .4 = 1 for convenience, we find 
W 03) = (1 -,?)+A ln{exp[03»- 1)/A]+1}. (3) 
As shown in Fig. 4, the angular distribution of the con­
duction electron coincidences in the liquid can be fitted 
quite well to such a function if A is taken as 0.20. If we 
take the uncertainty in wave vector as the difference 
between the values for which P(k) is ^ and f, respec­
tively, and take into account the instrumental resolution 
mrad at 6^=5.16 mrad) we find that ôk/kp is ap­
proximately 20±5%. This value is somewhat greater 
than the approximate value of 6% estimated by Knight, 
Berger, and Heine" from the conductivity of the liquid. 
From a study of the temperature dependence of the 
resistivity, however, Ziman'* has concluded that the 
" W. D. Knight, A. G. Berger, and V. Heine, Ann. Phys. (N. Y.) 
8, 173 (1959). 
'• T. M. Ziman, Electrons and Phonons (Oxford University Press, 
I960), p. 375. 
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Fermi surface area in the solid is only about half the 
free-electron value. If the nearly free electron model for 
liquid mercury is valid therefore, the Fermi surface area 
is approximately doubled on melting, so that the mean 
free path must be correspondingly shorter to explain the 
conductivity. Our value of Sk implies a mean free path 
of the order of the 7 A deduced from the nearly free 
electron model by Bradley, Faber, Wilson, and Ziman.* 
The other interesting feature of the results is the 
change in the ratio of annihilations with the core and 
conduction electrons, on melting. In the solid the atomic 
radius is 1.76 A, while the Goldschmidt ionic radius is 
1.10 A, so that the ions occupy approximately 25% of 
the volume of the metal. Since they contribute 75% of 
the annihilations, the probability per unit volume of a 
positron's annihilating in the ionic cores is roughly nine 
times greater than that in the remainder of the metal. 
Since there are 78 electrons in the Hg++ ionic core and 
only two conduction electrons per atom, the probability 
of annihilation with a single core electron is much smaller 
than that with a conduction electron, which is a natural 
consequence of the repulsion between the positively 
charged nucleus and the positron. There is a volume 
increase of approximately 6% on melting so, assuming 
that the ionic radius remains the same, the ion cores 
occupy approximately 23% of the volume of the liquid. 
Since the ionic cores now account for 60% of the 
annihilations, the probability per unit volume of an­
nihilation in the core is approximately five times that in 
the rest of the metal. 
This change indicates that the wave functions in the 
metal must be modified on melting in such a way that 
the product of the positron and conduction electron 
wave functions, which determines the annihilation 
probability,' must be relatively increased in the liquid. 
The effective pseudopotential seen by the electrons is 
comparatively small, due to the extensive cancellation 
of potential and kinetic energies," so we expect the 
conduction electron density to be fairly constant in both 
the solid and liquid. On the other hand, there is no such 
cancellation for the positron, which sees a large repulsive 
potential at the ionic cores. The disorder of the ions in 
the liquid should, therefore, cause a considerable dis­
tortion of the positron wave function. In particular, 
when two ions approach each other both the potential 
and kinetic energies of a positron situated between them 
tends to increase, and it will therefore tend to move 
away from them, thus reducing the annihilation proba­
bility with the core electrons. There is no strong 
countervailing tendency for the positrons to move 
towards the ions when they are widely separated, so the 
net effect of the disorder is to increase the relative 
probability of annihilation with the conduction elec­
trons. It would be interesting to make positron lifetime 
measurements in liquid and solid mercury to explore 
this effect further. 
We conclude, therefore, that the disorder in the liquid 
phase produces a considerable broadening of the elec­
tronic energy levels in a metal, apart from purely 
thermal effects, and also modifies the wave functions, 
particularly, probably, those of the positrons. It would 
clearly be valuable to study other liquid metals using 
the same technique, with better resolution and sta­
tistics, and using smaller angular intervals. Of particular 
interest are the metals gallium and bismuth, which can 
increase their conductivity on melting. We are currently 
carrying out a detailed study of liquid and solid gallium. 
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The observation of the angular correlation of the 
photons produced in electron-positron annihilation 
is a particularly suitable method for studying the 
conduction electrons in liquid metals, since it is 
a technique which can be applied to disordered sys­
tems and the angular distribution of the photons re­
flects directly the momentum distribution of the 
electrons 1). This note reports positron annihilation 
experiments or. liquid and solid gallium, the results 
of which indicate that the free electron model 2) is 
not a satisfactory description of the liquid near its 
melting point. 
The angular distributions of annihilation photon 
coincidences for liquid and solid gallium are shown 
in fig. 1. These experiments were performed in a 
manner which has been described previously 3), 
The results are normalised so that the points for 
the solid and liquid fall on the same curve at large 
angles, where contributions are expected only from 
annihilations with ion-core electrons. The lower 
dashed curve in fig. lis a Gaussian function fitted 
to the core annihilations, while the other curves 
are least squares parabolas fitted to the low angle 
points, where conduction electron annihilation pre­
dominates. The distribution for the solid is un­
changed, within experimental error, when it is 
heated to 290%. 
* Work performed in the Ames Laboratory of the U.S. 
Atomic Energy Commission. 
There axe clear differences between the coinci­
dence distributions from the liquid and solid, as 
was also observed in experiments on mercury 3). 
The proportion of conduction electron annihilations 
relative to the core annihilations is considerably 
higher in the liquid than in the solid and the conduc­
tion electron distribution has a very pronounced tail 
in the liquid. There is in addition a feature that was 
not observed in the mercury experiments. The least 
squares parabola fitted to the conduction electron 
annihilations in the solid corresponds very well to 
that for the trivalent free electron Fermi surface. 
In the case of the liquid, on the other hand, there 
are considerable deviations f rom the parabolic 
distribution and the parabola intersects the core 
annihilation curve at an angle smaller than that 
corresponding to the free electron Fermi momen­
tum. 
The relative increase in the number of conduc­
tion electron annihilations on melting can be 
ascribed to the distortion of the wavefunctions by 
the disorder, as in mercury 3), and the broadening 
of the energy bands in the liquid state 4) causes a 
tail in the conduction electron distribution. In the 
case of mercury 3), a simple argument based on 
the uncertainty principle gives a mean free path 
for the conduction electrons In good agreement 
with that calculated from the electrical conductivi­
ty, using the free electron model. If the whole tail 
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Fig. 1. The angular distribution of photon coincidences from liquid and solid gallium. 
in the liquid gallium distribution is ascribed to 
energy band broadening, however, the mean free 
path can be estimated as about 6 A, compared with 
the value 17.4 A deduced from the free electron 
model 2). The form of the coincidence curve for 
the liquid indicates that there must be a consider­
able local anisotropy in the momentum distribution 
of the conduction electrons, however., and this will 
also contribute to the tail. The estimate of the 
mean free path from these results may therefore 
be too small. 
There is evidence from X-ray diffraction 5) that, 
near the melting point, the atoms of gallium in the 
liquid are associated in pairs to an appreciable ex­
tent. The nuclear spin relaxation times have been 
explained by Faber 6) on this basis. The local ani­
sotropy induced by such pairing may also explain 
the apparent distortion of the electron momentum 
distribution. In any case, it is apparent that the 
free electron model is not an appropriate descrip­
tion of the electronic structure of liquid gallium 
near its melting point, a conclusion which is sup­
ported by the departure of the Hall constant from 
the free electron value ?). It would be interesting 
to study the temperature dependence of the photon 
correlations in the liquid, since the degree of pair­
ing is apparently temperature dependent, and also 
to examine some other metals whose Hall constants 
depart from the free electron value ?). 
It is a pleasure to thank Professor D. J. Zaffarano 
for his invaluable advice and assistance in the con­
struction of the apparatus, and Dr. T. E. Faber for 
sending us a copy of his work prior to publication. 
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Abstract—The electronic structure of three rare-earth metals has been studied by measuring the 
angular correlations of the photons emitted when positronn annihilate with the electrons in the 
metal. From the results it is deduced that gadolinium and cerium at room temperature each has 
approximately three conduction electrons per atom, while ytterbium has approximately two as 
expected from the localized /-electron model. Qualitative information is obtained about the dis­
tortion of the Fermi surfaces of these three metals and it is concluded that the polarization of the 
conduction electrons in the magnetically ordered state of gadolinium is small. Annihilations with 
ion core electrons comprise a significant proportion of the total in each metal, the number relative to 
the conduction electron annihilations decreasing with increasing atomic number. 
1. INTRODUCTION 
THE STUDY of the angular correlation of the 
photons emitted when positrons annihilate with elec­
trons in solids is capable, in principle, of yielding a 
considerable amount of detailed information about 
the electronic distribution.(i) As this technique 
does not require very pure samples, it is particularly 
appropriate for the study of the Fermi surface in 
rare-earth metals where limitations in sample 
purity make it impossible, at present, to use more 
conventional methods of Fermi surface determina­
tion, such as the de Haas-van Alphen or magneto-
acoustic effects. This paper reports some measure­
ments on polycrystalline samples of the rare-earth 
metals cerium, gadolinium and ytterbium at 
various temperatures. 
2. EXPERIMENTAL METHODS AND RESULTS 
The apparatus used in this investigation was the 
same as that described previously,with the 
exception of a few minor changes, such as the 
addition of larger Nal scintillation crystals. The 
rare-earth samples were approximately 99-99 per 
• Contribution No. 1284. Work was performed in the 
Ames Laboratory of the U.S. Atomic Energy Com­
mission. 
t Currently on leave from the Ames Laboratory. 
Address: AEC Research Establishment, Riso Roskilde, 
Denmark. 
cent pure and in the form of 6 in. long cylinders, 
with a diameter of | in. 
The angular distributions of photon coinci­
dences from ytterbium, gadolinium and cerium are 
shown in Figs 1, 2 and 3 respectively. Since the 
angular distribution for a free electron gas has the 
fonn of a parabola 
N(6) = C(l-(e/6f)2) (1) 
where = fikpfmc and kp is the Fermi momen­
tum, a least squares parabola has been fitted to the 
low-angle coincidences in each case. The value of 
dp which is shown is calculated from the free 
electron model using the indicated valency. The 
coincidences at angles well outside Op are due to 
annihilations with ion-core electrons. 
The measurements on ytterbium were made at 
300°K and the number of coincidences at the peak 
was about 9,000. In the case of gadolinium, the 
distribution of coincidences was measured both at 
300°K, at which temperature it is paramagnetic, 
and at 80°K when it is ferromagnetic. The maxi­
mum number of counts was about 3,000 and 4,000 
respectively. The cerium sample was vacuum 
annealed at 700°K for 2 hr and quenched in water. 
The angular distribution was then measured at 
3G0°K, the peak number of counts being about 
21,000. It was then quenched to liquid nitrogen 
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temperature and brought to about 60°K, below 
the y -> a-phase transition, by pumping on the 
liquid nitrogen. The coincidence distribution had 
a peak of about 6,000 at this temperature. 
T—f—I—I—I—I—I—I—I—I—I—r 
YTTERBIUM 
300 'K 
o u 
(DIVALENT! 
J I I I T 
I 2 3 4 S 6 r e 9 fO M 12 13 14 
ANGLE IN MILLIHADIANS 
FIG. 1. Angular distribution of photon coincidences from 
ytterbium at 300°K 
3. DISCUSSION 
It is generally accepted that the magnetism of the 
rare-earth metals is almost entirely due to the 
localized 4/-electrons,(3) and that they are all 
trivalent at room temperature, except europium 
and ytterbium which are divalent. Although this 
hypothesis is consistent with all the known 
properties of the metals, there has not previously 
been any direct evidence confirming it. 
Smooth curves through the experimental points 
for the three metals studied are shown in Fig. 4. 
It is noteworthy that the ytterbium curve is indeed 
narrower than the gadolinium and cerium curves 
by an amount corresponding to a difference of 
about one conduction electron per atom. These 
curves correlate very well with the results of RODDA 
and STEWART, who discovered that the positron 
lifetime in europium and ytterbium is significantly 
greater than in the other rare earths. 
The shape of the distribution curve for angles 
less than Qp gives a qualitative indication of the 
distortion of the Fermi surface in extended t-space. 
The angular distributions for sodium, lead(®<6) 
and mercury,<2) which are believed to have iso­
tropic electronic distributions are very close to 
parabolic, while that for beryllium, which is 
known to have an anisotropic Fermi surface 
departs significantly from a parabola. In the case of 
ytterbium there is no significant deviation of the 
low angle experimental points from the least 
squares parabola until close to Bp and the inter­
section of the parabola and the extrapolated core 
annihilation is close to the Bp calculated assuming 
two electrons per atom; however many of the low 
angle experimental points for gadolinium and 
cerium deviate significantly from their respective 
parabolas and the deviation of the points from the 
parabola at Bp is 30 per cent larger for gadolinium 
and 50 per cent larger for cerium than it is for 
ytterbium. On this basis we would infer that 
ytterbium has a Fermi surface in extended &-space 
that is not greatly distorted from a sphere con­
taining two electrons per atom, while those of 
cerium and gadolinium contain three electrons per 
atom and are somewhat more anisotropic. In all 
cases, however, the nearly free electron model*®) 
would probably be a good first approximation to 
the Fermi surface. 
Within the error of the experiments there is no 
difference between the distributions for the para­
magnetic and ferromagnetic phases of gadolinium. 
This supports the view that the magnetism of the 
rare-earth metals is almost entirely due to the 
localized 4/-electrons.<3) jf a significant fraction, 
that is about 20 per cent or more, of the moment 
were contributed by polarization of the conduction 
electrons, it should be possible to see a clear 
difference between the photon distributions from 
the two phases. (1) There are a number of stable 
phases of cerium at and below room tempera-
ture(^O) The y-phase is face-centered cubic and is 
stable at room temperature, the /S-phase is hexa­
gonal and stable somewhat below room tempera­
ture, while the «-phase is a collapsed face-centered 
cubic phase existing below about 100°K. A large 
amount of hysteresis is observed in the transitions 
t l  ' 
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FlO 2. Angular distributions of coincidences from 
gadoliiiium in the paramagnetic and ferromagnetic 
phases. 
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FIG. 3. Angular distributions of coincidences from 
cerium at 300 and 60°K. 
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between the various phases.It js believed that 
the y K transition is due to the transfer of the 
4/-electron to the conduction band(^i) so that a-
cerium may be quadrivalent. According to this 
hypothesis the angular distribution of photon co­
incidences should be much broader in the «-phase 
=  6 - 1 8  m r a d )  t h a n  i n  t h e  | 3 -  o r  y - p h a s e s  
{Of = 5 29 mrad). According to neutron diffraction 
studies, the treatment which our sample 
received should result in about 20-30 per cent 
«-phase at 60°K, and we should expect this to be 
observable in the angular correlation curves. The 
observation that, within experimental error, no 
change occurs on cooling might indicate either 
that the a-phase does not have a valency much 
greater than three or, more likely, that the per­
centage of «-phase formed was too small to be ob­
served. This would not be too surprising, since 
the proportion of «-phase cerium formed is a 
rapidly varying function of temperature at 60°K, 
and is also very dependent on the history of the 
sample. 
The proportion of annihilations with the ion-
core electrons is substantial in all of these metals 
and decreases in the series cerium-gadolinium-
ytterbium, despite the fact that the number of 
4/-electrons increases from one in cerium to seven 
in gadolinium and fourteen in ytterbium. This 
would appear to support the conclusion of RODDA 
and STEWART^' that since the positron lifetime in 
the trivalent rare earths is approximately constant, 
annililation with 4/-eIectrons is negligible in these 
metals. However, examination of the core wave 
functions for rare-earth ions'^^-^^) reveals that the 
4/ wavefunctions have amplitudes which are not 
negligible compared with the and Ap functions 
except in the immediate vicinity of the nucleus, 
where the positron wavefunction is very small. 
Since the probability that a pair of photons, with 
total momentum p = hq, is produced by the anni-
hilation<®) of a positron with a wavefunction ^+(r) 
with an electron with a wavefunction ^-(r) is pro­
portional to(i^) 
f(g) = exp(-*g • r) dSrjz (2) 
the 4/ electrons must contribute significantly to the 
core annihilation. It seems likely therefore that the 
constancy of the positron lifetimes in the trivalent 
393 
rare earths is due to the cancellation of two effects; 
the increase in the number of 4/-electrons, and the 
contraction of the ion-core along the series, which 
tends to reduce the probability that the positron 
annihilates with any particular core electron. This 
contraction is clearly revealed in Table 1 which 
gives the position of the maximum in the core 
radial distribution functions for the three metals. 
Table 1. Positions of the maxima in the radial 
distribution function for ion cores of cerium, 
gadolinium, and ytterbium, in atomic units 
4/ 5i 5p 
CE=+ 0 70 
GD3+ 0 60 1-34 1-49 
YBS+ 0-50 M8 1-36 
It would be interesting to perform a quantitative 
calculation of this effect by computing the positron 
wavefunction, and hence the annihilation pro­
babilities from equation (2). 
These results on polycrystalline samples indicate 
that a study of single crystals of rare-earth metals, 
with higher resolution apparatus would be of 
interest in allowing explicit observation of the 
Fermi surface anisotropy and the extra energy gaps 
which are a consequence of magnetic ordering. 
Further measurements on cerium at lower tem­
peratures and with higher resolution would allow 
a more detailed study of the electronic nature of 
the y -> « transition to be made. These experi­
ments are currently being prepared. 
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